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1. Introduction
The dispersionless Toda hierarchy (dToda) is defined by [8]
∂λ
∂tn
= {Bn(p), λ},
∂λ
∂tˆn
= {Bˆn(p), λ},
∂λˆ
∂tn
= {Bn(p), λˆ},
∂λˆ
∂tˆn
= {Bˆn(p), λˆ}, n = 1, 2, 3, · · ·(1)
where the Lax operators λ and λˆ are
λ = ep +
∞∑
n=0
un+1e
−np
λˆ−1 = uˆ0e
−p +
∞∑
n=0
uˆn+1e
np
and
Bn(p) = [λ
n]≥0, Bˆn(p) = [λˆ
−n]≤−1.
Here [· · · ]≥0 and [· · · ]≤−1 denotes the non-negative part and negative
part of λn and λˆ−n respectively when expressed in the Laurent series
of ep. For example,
B1(p) = e
p + u1, Bˆ1(p) = uˆ0e
−p.
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Finally, the Poisson Bracket in (1) is
{f(t0, p), g(t0, p)} =
∂f
∂t0
∂g
∂p
−
∂f
∂p
∂g
∂t0
.
One can view λ is a local coordinate near ”∞” and λˆ as a local
coordinate near ”0” [6]
According to dToda theory [8], there exist wave functions S, Sˆ and
the dispersionless τ function F (or free energy)
S(λ) =
∞∑
n=1
tnλ
n + t0 lnλ−
∞∑
n=1
∂tnF
n
λ−n
Sˆ(λ) =
∞∑
n=1
tˆnλˆ
−n + t0 ln λˆ+
∂F
∂t0
−
∞∑
n=1
∂tˆnF
n
λˆ−n
such that
Bn(λ) = ∂tnS(λ) = λ
n −
∞∑
m=1
∂2tntmF
m
λ−m
Bn(λˆ) = ∂tnSˆ(λˆ) = ∂
2
t0tn
F −
∞∑
m=1
∂2
tn tˆm
F
m
λˆm
Bˆn(λ) = ∂tˆnS(λ) = −
∞∑
m=1
∂2
tˆntm
F
m
λ−m
Bˆn(λˆ) = ∂tˆnSˆ(λˆ) = λˆ
−n + ∂2
t0 tˆn
F −
∞∑
m=1
∂2
tˆn tˆm
F
m
λˆm.
In particular,
p(λ) = ∂t0S(λ) = lnλ−
∞∑
m=1
∂2t0tmF
m
λ−m
p(λˆ) = ∂t0 Sˆ(λˆ) = ln λˆ+ ∂
2
t0t0
F −
∞∑
m=1
∂2
t0 tˆm
F
m
λˆm.(2)
Also,
H+m = ∂
2
t0tm
F =
1
m
∮
∞
λmdp =
1
m
∮
∞
λm
dξ
ξ
H−m = ∂
2
t0 tˆm
F =
1
m
∮
0
λˆ−mdp =
1
m
∮
0
λˆ−m
dξ
ξ
, m ≥ 1(3)
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are the conserved densities of dToda hierarchy, where p = ln ξ. Then
the dToda hierarchy (1) can be expressed as
∂p(λ)
∂tn
=
∂Bn(p(λ))
∂t0
,
∂p(λ)
∂tˆn
=
∂Bˆn(p(λ))
∂t0
,
∂p(λˆ)
∂tn
=
∂Bn(p(λˆ))
∂t0
,
∂p(λˆ)
∂tˆn
=
∂Bˆn(p(λˆ))
∂t0
,(4)
λ, λˆ being fixed. The systems (4) are of the conservational laws for the
dToda hierarchy.
From (2),one knows that
B1(p) = e
p + u1 = e
p + ∂2t0t1F, Bˆ1(p) = uˆ0e
−p = e∂
2
t0t0
F e−p.
Then from (4), one has
ptˆ1 = ∂t0 [e
∂2t0t0
F e−p], pt1 = ∂t0 [e
p + ∂2t0t1F ].
Then pt1 tˆ1 = ptˆ1t1 will imply
∂2
t1 tˆ1
F = −e∂
2
t0t0
F .
It is the dToda equation.
This paper is organized as follows. In the next section, we construct
the waterbag model of dToda type from the Hirota equation. Section
3 is devoted to finding the free energy associated with the waterbag
model from the Landau-Ginsburg formulation in topological field the-
ory. Also, the equations for conserverd densities are obtained. In the
final section, one discusses some problems to be investigated.
2. Dispersionless Hirota Equation and Symmetry
Constraints
The dToda hierarchy (1)(or (4)) is equivalent to the dispersionless
Hirota equation [2]:
Dµp(λ) = −∂t0 ln[e
p(λ) − ep(µ)], Dˆµˆp(λ) = −∂t0 ln[1− e
p(µˆ)−p(λ)]
Dµp(λˆ) = −∂t0 ln[1− e
p(µ)−p(λˆ)], Dµˆp(λˆ) = −∂t0 ln[e
p(λˆ) − ep(µˆ)],
where
Dµ =
∞∑
m=1
µ−m
m
∂tm , Dˆµˆ =
∞∑
m=1
µˆm
m
∂tˆm .
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We can also express them in terms of the S-function
DµS(λ) = − ln[
ep(λ) − ep(µ)
µ
], DˆµˆS(λ) = − ln[1− e
p(µˆ)−p(λ)]
DµSˆ(λˆ) = − ln[1− e
p(µ)−p(λˆ)], DˆµˆSˆ(λˆ) = − ln[
ep(λˆ) − ep(µˆ)
µ
].(5)
Next, we consider the symmetry constraints [1].
• Case(I): Ft0 =
∑N
i=1 ǫiSi, where Si = S(λi).
Then near ”∞” we have by (5)
p = lnλ−DλFt0 = lnλ−Dλ
N∑
i=1
ǫiSi
= lnλ−
N∑
i=1
ǫiDλSi
= lnλ−
N∑
i=1
ǫi ln[
ep(λ) − eh
i
λ
], hi = p(λi)
= lnλ−
N∑
i=1
ǫi ln[e
p − eh
i
] + (
N∑
i=1
ǫi) lnλ.
Let (
∑N
i=1 ǫi) = 0. Then one gets
λ = ep
N∏
i=1
(ep − eh
i
)−ǫi.
Morever, near ”0” we also have ∂2t0t0F =
∑N
i=1 ǫih
i. Then
p(λˆ) = ln λˆ+ ∂2t0t0F − DˆλˆFt0
= ln λˆ+
N∑
i=1
ǫih
i +
N∑
i=1
ǫi ln[1− e
p(λˆ)−hi]
= ln λˆ+
N∑
i=1
ǫih
i +
N∑
i=1
ǫi ln[e
−p(λˆ) − e−h
i
] + (
N∑
i=1
ǫi)p(λˆ).
Then one obtains
λˆ = ep−
PN
i=1 ǫih
i
N∏
i=1
(e−p − e−h
i
)−ǫi.
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Actually, we can see that
λˆ = epe−(
PN
i=1 ǫi)pe−
PN
i=1 ǫih
i
N∏
i=1
(e−p − e−h
i
)−ǫi
= ep
N∏
i=1
(eh
i
− ep)−ǫi = ep
N∏
i=1
(ep − eh
i
)−ǫi = λ.(6)
Also,
H+1 =
N∑
i=1
ǫie
hi, H−1 = −e
PN
i=1 ǫih
i
(
N∑
i=1
ǫie
−hi).
The evolutions for t1 and tˆ1 are
∂t1h
i = ∂t0 [e
hi +
N∑
i=1
ǫie
hi]
∂tˆ1h
i = ∂t0 [e
−hi+
PN
i=1 ǫih
i
](7)
We can also express them as the Hamiltonian form

h1
h2
...
hN


t1
= ηij∂t0


∂H+
1
∂h1
∂H+
1
δh2
...
∂H+
1
δhN

 ,


h1
h2
...
hN


tˆ1
= ηij∂t0


∂H−
1
∂h1
∂H−
1
δh2
...
∂H−
1
δhN

 ,
where
ηij =


1 + 1
ǫ1
1 . . . . . . 1
1 1 + 1
ǫ2
1 . . . 1
...
...
. . .
... 1
1 1 . . . 1 1 + 1
ǫN

 .
• Case(II): Ftm =
∑N
i=1 ǫiSi.
Then
Bm(λ) = λ
m −DλFtm = λ
m −
N∑
i=1
ǫiDλSi
= λm −
N∑
i=1
ǫi ln(e
p − eh
i
).
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Hence the Lax operator is
λm = emp + um−1e
(m−1)p + um−2e
(m−2)p + · · ·+ u1e
p(8)
+ u0 +
N∑
i=1
ǫi ln(e
p − eh
i
).
• Case (III): Ftˆm =
∑N
i=1 ǫiSi.
Then
Bˆm(λˆ) = λˆ
−m + ∂2
t0 tˆm
F − DˆλˆFtˆm = λˆ
−m + ∂2
t0 tˆm
F −
N∑
i=1
ǫiDˆλˆSi
= λˆ−m + ∂2
t0 tˆm
F −
N∑
i=1
ǫi ln(e
−p − e−h
i
).
Hence the Lax operator is
λˆ−m = uˆme
−mp + uˆm−1e
−(m−1)p + uˆm−2e
−(m−2)p + · · ·(9)
+ uˆ1e
−p + uˆ0 +
N∑
i=1
ǫi ln(e
−p − e−h
i
).
3. Residue formula and free energy
In this section, we compute the free energy associated with the wa-
terbag model of case (I) in last section, i.e., (6). Also, the relations of
conserved densities are investigated.
The free energy is a function F(t1, t2, · · · , tn) such that the associated
functions,
cijk =
∂3F
∂ti∂tj∂tk
,
satisfy the following conditions.
• The matrix ηij = c1ij is constant and non-degenerate. This
together with the inverse matrix ηij are used to raise and lower
indices.
• The functions cijk = η
ircrjk define an associative commutative
algebra with a unity element(Frobenius algebra).
Equations of associativity give a system of non-linear PDE for F(t)
∂3F(t)
∂tα∂tβ∂tλ
ηλµ
∂3F(t)
∂tµ∂tγ∂tσ
=
∂3F(t)
∂tα∂tγ∂tλ
ηλµ
∂3F(t)
∂tµ∂tβ∂tσ
.
These equations constitute the Witten-Dijkgraaf-Verlinde-Verlinde (or
WDVV) equations. The geometrical setting in which to understand
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the free energy F(t) is the Frobenius manifold [4]. One way to con-
struct such manifold is derived via Landau-Ginzburg formalism as the
structure on the parameter space M of the appropriate form
λ = λ(p; t1, t2, · · · , tn).
The Frobenius structure is given by the flat metric
(10) η(∂, ∂′) = −
∑
resdλ=0{
∂(λdp)∂′(λdp)
dλ(p)
}
and the tensor
(11) c(∂, ∂′, ∂
′′
) = −
∑
resdλ=0{
∂(λdp)∂′(λdp)∂
′′
(λdp)
dλ(p)dp
}
defines a totally symmetric (3, 0)-tensor cijk.
Geometrically, a solution of WDVV equation defines a multiplication
◦ : TM × TM −→ TM
of vector fields on the parameter space M , i.e,
∂tα ◦ ∂tβ = c
γ
αβ(t)∂tγ .
From cγαβ(t), one can construct intrgable hierarchies whose correspond-
ing Hamiltonian densities are defined recursively by the formula
∂2ψ
(l)
α
∂ti∂tj
= ckij
∂ψ
(l−1)
α
∂tk
,(12)
where l ≥ 1, α = 1, 2, · · · , n, and ψ0α = ηαǫt
ǫ. The integrability con-
ditions for this systems are automatically satisfied when the ckij are
defined as above.
In the following theorem, one uses lnλ to replace λ, which is the
dual Frobenius manifold associated with λ [5, 7].
Theorem 3.1. Let the Lax operator be defined in (6).Then
(I) η(∂hi, ∂hj ) = ηij = −ǫiǫj , i 6= j
(II) η(∂hi, ∂hi) = ηii = −ǫ
2
i + ǫi
(III) c(∂hi, ∂hj , ∂hk) = cijk = ǫiǫjǫk, i 6= j 6= k
(IV ) c(∂hi, ∂hi , ∂hk) = ciik = ǫiǫk[ǫi +
eh
k
eh
i − ehk
], i 6= k
(V ) c(∂hi, ∂hi , ∂hi) = ciii = ǫ
3
i + ǫi[1− ǫi −
N∑
l=1,l 6=i
ǫle
hl
eh
i − ehl
].
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Proof. We see that ∂ lnλ
∂hi
= ǫi
eh
i
ξ−eh
i , where p = ln ξ. Also, we have
(13)
d lnλ
dp
= 1−
N∑
k=1
ǫk
eh
k
ξ − ehk
=
∏N
k=1(ξ − ωk)∏N
k=1(ξ − e
hk)
.
In the following proofs, we use the formula (13) and the fact that the
residue at infinity is zero.
(I)
η(∂hi, ∂hj) =
∑
d lnλ=0
Res
∂ lnλ
∂hi
∂ lnλ
∂hj
ξ d lnλ
dp
dξ
=
∑
d lnλ=0
Res
ǫi
eh
i
ξ−eh
i ǫj
eh
j
ξ−eh
j
ξ(1−
∑N
k=1 ǫk
eh
k
ξ−eh
k )
dξ
=
∑
d lnλ=0
Res
ǫiǫje
hieh
j ∏N
k=1(ξ − e
hk)
ξ(ξ − ehi)(ξ − ehk)
∏N
k=1(ξ − ωk)
= −Resξ=0
ǫiǫje
hieh
j∏N
k=1(ξ − e
hk)
ξ(ξ − ehi)(ξ − ehk)
∏N
k=1(ξ − ωk)
= −ǫiǫj , i 6= j.
(II)
η(∂hi, ∂hi) =
∑
d lnλ=0
Res
ǫ2i e
2hi
∏N
k=1(ξ − e
hk)
ξ(ξ − ehi)2
∏N
k=1(ξ − ωk)
= −(Resξ=0 +Resξ=ehi )
∑
d lnλ=0
Res
ǫ2i e
2hi
∏N
k=1(ξ − e
hk)
ξ(ξ − ehi)2
∏N
k=1(ξ − ωk)
= −ǫ2i −
ǫ2i e
2hi
∏N
k=1,k 6=i(e
hi − eh
k
)
eh
i
∏N
k=1(e
hi − ωk)
= −ǫ2i − ǫ
2
i e
hi 1
−ǫieh
i = −ǫ
2
i + ǫi
(III)
c(∂hi, ∂hj , ∂hk) =
∑
d lnλ=0
Res
ǫie
hiǫje
hjǫke
hk
∏N
l=1(ξ − e
hl)
ξ(ξ − ehi)(ξ − ehj )(ξ − ehj )
∏N
l=1(ξ − ωl)
dξ
= −Resξ=0
ǫie
hiǫje
hjǫke
hk
∏N
l=1(ξ − e
hl)
ξ(ξ − ehi)(ξ − ehj )(ξ − ehk)
∏N
l=1(ξ − ωl)
dξ
= ǫiǫjǫk, i 6= j 6= k.
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(IV)
c(∂hi, ∂hi , ∂hk) =
∑
d lnλ=0
Res
ǫ2i e
2hiǫke
hk
∏N
l=1(ξ − e
hl)
ξ(ξ − ehi)2(ξ − ehk)
∏N
l=1(ξ − ωl)
dξ
= −[Resξ=0 +Resξ=ehi ]
ǫ2i e
2hiǫke
hk
∏N
l=1(ξ − e
hl)
ξ(ξ − ehi)2(ξ − ehk)
∏N
l=1(ξ − ωl)
dξ
= −[−ǫ2i ǫk +
ǫ2i e
2hiǫke
hk
∏N
l=1,l 6=i(e
hi − eh
l
)
eh
i(ehi − ehk)
∏N
l=1(e
hi − ωl)
]
= −[−ǫ2i ǫk −
ǫiǫke
hk
eh
i − ehk
] = ǫiǫk[ǫi +
eh
k
eh
i − ehk
].
(V)
c(∂hi, ∂hi , ∂hi) =
∑
d lnλ=0
Res
ǫ3i e
3hi
∏N
l=1(ξ − e
hl)
ξ(ξ − ehi)3
∏N
l=1(ξ − ωl)
dξ
= −[Resξ=0 +Resξ=ehi ]
ǫ3i e
3hi
∏N
l=1(ξ − e
hl)
ξ(ξ − ehi)3
∏N
l=1(ξ − ωl)
dξ
= −{−ǫ3i + ǫ
3
i e
3hi d
dξ
[
∏N
l=1,l 6=i(ξ − e
hl)
ξ
∏N
l=1(ξ − ωl)
] |
ξ=ehi}
= ǫ3i + ǫ
3
i e
3hi
1− ǫi −
∑N
l=1,l 6=i
ǫle
hl
eh
i
−eh
l
ǫ2i e
3hi
= ǫ3i + ǫi(1− ǫi −
N∑
l=1,l 6=i
ǫle
hl
eh
i − ehl
).

Let’s define Ω =
∑N
i=1
∂
∂hi
. Then we can verify directly that
(14) η(∂hi , ∂hj) = c(∂hi , ∂hj ,Ω) =
N∑
k=1
c(∂hi , ∂hj , ∂hk).
Also, from the Theorem, it’s not difficult to check directly the compat-
ibility (or Egorov’s condition)
∂hiclmn = ∂hlcimn, i, l, m, n = 1 · · ·N.
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Hence one can get the free energy associated with (6)
F (~h) =
∑
1≤i<j<k≤N
ǫiǫjǫkh
ihjhk +
1
6
N∑
i=1
(ǫi − ǫ
2
i + ǫ
3
i )(h
i)3
+
1
2
N∑
i 6=k
ǫ2i ǫk(h
i)2hk
+
1
2
∑
1≤i<k≤N
ǫiǫk[Li3(e
hi−hk) + Li3(e
hk−hi)],(15)
where Li3(e
x) =
∑∞
k=1
ekx
k3
is the poly-logarithmic function. Morever,
from (14), one knows that t1 =
∑N
i=1 h
i.
We remark that the free energy (15) is invariant under any permu-
tation of (h1, h2, · · ·hN ).
Furthermore, we have
c
γ
αβ = 0, α 6= β 6= γ; c
β
αα = ǫα
eh
α
eh
α − ehβ
, α 6= β
c
β
αβ = ǫβ
eh
β
eh
α − ehβ
, α 6= β; cααα = 1−
∑
γ 6=α
ǫγ
eh
γ
eh
α − ehγ
.(16)
If we define φi =
∂ lnλ
∂hi
= ǫi
eh
i
ep−eh
i , then one has
(17) φiφj = c
l
ijφl +Qij
∂ lnλ
∂hi
,
where
Qij =
{
−φi, i = j,
0, i 6= j.
From (14), one knows that Ω is the unit element of the associative
algebra (17).
Now, we have the following
Theorem 3.2. Let H+n and H
−
n be the conserved densities defined in
(3). Then one has
(I)
∂2H+n
∂hi∂hj
= ckij
∂H+n
∂hk
, (II)
∂2H−n
∂hi∂hj
= ckij
∂H−n
∂hk
.
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Proof. (I)
∂2H+n
∂hi∂hj
=
∂
∂hi
∮
∞
λ(ξ)n−1
∂λ
∂hj
ξ−1dξ =
∂
∂hi
∮
∞
λ(ξ)n−1λ
∂ lnλ
∂hj
ξ−1dξ
=
∂
∂hi
∮
∞
λ(ξ)nǫj
eh
j
ep − ehj
ξ−1dξ
= n
∮
∞
λ(ξ)nǫi
eh
i
ep − ehi
ǫj
eh
j
ep − ehj
ξ−1dξ +
∮
∞
λ(ξ)nǫj
∂
∂hi
(
eh
j
ep − ehj
)ξ−1dξ
= n
∮
∞
λ(ξ)n(ckijφkξ
−1dξ +Qij
dλ
λ
)−
∮
∞
λ(ξ)nǫj
∂
∂p
(
eh
j
ep − ehj
)ξ−1dξ
= nckij
∮
∞
λ(ξ)nφkξ
−1dξ + n
∮
∞
λ(ξ)n−1Qijdλ
−
∮
∞
λ(ξ)n[
∂
∂p
(ǫj
eh
j
ep − ehj
)]ξ−1dξ
= ckij
∂
∂hk
∮
∞
λnξ−1dξ −
∮
∞
∂
∂p
[λ(ξ)nǫj
eh
j
ep − ehj
]dp
= ckij
∂H+n
∂hk
, n ≥ 1.
(II) The calculation is similar. 
4. Concluding remarks
We find the free energy associated with the waterbag model (6) us-
ing the Landau-Ginsburg formulation. From the free energy, one can
establish the equations for the conserved densities H+n and H
−
n . When
comparing the watebag model of dKP [3], one can’t construct the re-
cursive operator of H+n or H
−
n from Theorem 3.2. Therefore, the bi-
Hamiltonian structure of (7) is still unknown. On the other hand, we
can construct the integrable hierarchy via (12) and (16); however, it
won’t be the dToda hierarchy. Finally, finding the free energies associ-
ated with (8) and (9) is also very interesting.
Acknowledgments
The author is grateful to Professors Maxim V.Pavlov and Jyh-Hao Lee
for their useful discussions. The work is supported by the National
Science Council under grant no. NSC 96-2115-M-606-001-MY2.
References
[1] L.V. Bogdanov and B.G. Konopelchenko, Symmetry constrains for dispersion-
less integrable equations and systems of hydrodynamic type, Phys. Lett. A,
330(2004), p.448-p.459, arXiv:nlin.SI/0312013, 2003
12 JEN-HSU CHANG
[2] I.Kostov, I.Krichever, M.Mineev-Meinstein, P.B.Wiegmann and A.Zabrodin,
τ -function for analytic curves, Random matrices and their applications.
MSRI publications , Vol 40, Cambridge Academic Press, 2001, arXiv:
hep-th/0005259
[3] Jen-Hsu Chang, On the water-bag model of dispersionless KP hierarchy(II),
to appear in Journal of Physics A, arXiv:nlin/0702014
[4] B.Dubrovin, Geometry of 2D topological field theories in ”Integrable systems
and Quantum Groups”, Springer Lecture Notes in Math., V 1620, 1996, p.120-
348
[5] B.Dubrovin, On almost duality for Frobenius manifolds, in Geometry,topology,
and mathematical physics, American Mathematical Society Trans. Ser.2 (212),
Providence, RI, 2004, p.75-p.132, arXiv: math.DG/0307374
[6] I.Krichever, The τ -function of the universal Whitham hierarchy, matrix models
and Topological Field Theories, Comm. Pure Appl. Math., 47(1994), p.437-475
[7] A. Riley and Ian A B Strachan, A note on the relationship between rational
and trigonometric solutions of the WDVV equations, Journal of Nonlinear
Mathematical Physics, Vol. 14, No.1(2007), p. 82-p.94
[8] K. Takasaki and T. Takebe, Integrable hierarchies and dispersionless limit,
Rev. Math. Phys., 7(1995), p.743
